Closed-form expressions for the stiffness and the damping coefficients of a squeeze film are derived for MEMS devices with perforated back plates. Two kinds of perforation configurations are considered-staggered and matrix or non-staggered configuration. The analytical solutions are motivated from the observation of repetitive pressure patterns obtained from numerical (FEM) solutions of the compressible Reynolds equation for the two configurations using ANSYS. A single pressure pattern is isolated and further subdivided into circular pressure cells. Circular geometry is used based on observed symmetry. Using suitable boundary conditions, the Reynolds equation is analytically solved over the pressure cells. The complex pressure obtained is used to identify the stiffness and damping offered by the pressure cells. The stiffness and damping forces due to pressure cells within a pattern are added up separately. In turn, the stiffness and damping due to all the patterns are summed up resulting in the stiffness and damping forces due to the entire squeeze film. The damping and spring forces thus obtained analytically are compared with those obtained from the FEM simulations in ANSYS. The match is found to be very good. The regime of validity and limitations of the analytical solutions are assessed in terms of design parameters such as pitch to air gap, hole length to diameter and pitch to hole radius ratios. The analysis neglects inertial effects. Hence, the results are presented for low values of Reynolds number.
Introduction

Literature review
The dynamics of MEMS devices involves air-structure interactions to varying degrees. Some devices, such as accelerometers, gyroscopes and RF switches, etc, can be designed to work in rarified atmosphere, whereas some devices, such as microphones, ultrasonic transducers and micro mirrors, etc, generally work with ambient air surrounding them. It is well known that the thin layer of air between the planar structures having relative motion can significantly alter the dynamic characteristics of these devices by adding stiffness and damping to the system. The dynamic response of these devices can be studied efficiently by modelling as equivalent circuits with lumped parameters [1, 2] . For this modelling, however, an accurate estimate of the stiffness and the damping offered by the air film is essential in addition to the several other system parameters that can be obtained from known formulae. The central motivation of this study is to provide closed-form expressions for estimating Table 1 . Comparison of the perforation parameters given in some of the past references cited here and those investigated in this paper, h a is the air-gap height, ξ o is the pitch of the holes, l is the length of the hole (i.e., thickness of the perforated plate), r i and d are the radius and diameter of the holes and f is the frequency of oscillations. the stiffness and damping due to the squeeze film including rarefaction effects and to establish the range of their validity and limitations in terms of Reynolds number and other design parameters.
Analytical expressions for estimating the stiffness and the damping offered by the air film between vibrating circular plates for condenser transmitters were given by Crandall [3] as early as 1917. The theory of isothermal squeeze films was established by Langlois [4] utilizing the well-known Reynolds equation from the gas lubrication theory [5] by neglecting inertial terms. Griffin [6] utilized this theory for the analysis of squeeze-film dampers. Blech [7] presented analytical formulae for the stiffness and the damping offered by the fluid film between the vibrating plates with rectangular geometry and trivial pressure boundary conditions. Darling et al [8] derived expressions involving Green's function to estimate the stiffness and the damping for rectangular plates with arbitrary pressure boundary conditions. Pandey [9] used finite difference techniques for the analysis of squeeze-film damping in microdevices in different flow regimes and showed how the stiffness and damping coefficients change as one considers a whole range of conditions from rarified air gap to continuum flow in the air gap. Nonlinear effects of surface roughness and rarefaction on squeeze film damping are also analysed and reported [10] . All these analyses can be used for estimating the squeeze-film effects in MEMS devices having simple structures with no perforations.
In general, however, one of the planar structures, namely, the back plate in the case of MEMS microphones, ultrasonic transducers, etc., or the proof mass in the case of the accelerometer, gyroscope, etc., is perforated. These perforations serve as etch holes for etching the sacrificial layer during surface micromachining. Moreover, the perforations play a vital role in controlling the squeeze-film effects and also in tailoring the dynamic response of the device [11] [12] [13] . Škvor [14] derived an expression for the damping offered by a fluid film supported by a perforated plate for electrostatic transducers. This derivation does not yield an estimate for the stiffness, since he assumes Hagen-Poiseuille's flow under the condition that in the back plate there are holes at small enough regular intervals so that no substantial compression of the gas occurs in the gap. Kuhnel et al [15] and Hsu et al [16] account for the compliance (reciprocal of the stiffness) offered by squeeze films supported by perforated plates using the formula of acoustical compliance of the Helmholtz resonator given by Olson [17] and using the effective cross sectional area traversed by the fluid flow. But in microdevices the fluid in the narrow gaps gets squeezed and streams laterally unlike the fluid in a Helmholtz resonator which is confined in the resonator cavity. Moreover, at high frequencies and small gaps (as in MEMS devices) the fluid compression does dominate over fluid flow as shown by Griffin and Blech. Thus, Škvor's formula holds good at low frequencies and relatively large air gap when the air can escape easily (incompressible), whereas the Helmholtz resonator formula works well at the other end of the regime, namely, at very high frequencies and small gap (extremely compressible). In the light of the above developments, it is apparent that a solution of the compressible Reynolds equation for the perforated case is needed. In this study, we begin with a numerical solution of the Reynolds equation using ANSYS. The numerical solutions provide insights into the geometric distributions of pressures. These insights are exploited to formulate a closed-form solution of the same Reynolds equation with certain simplifying approximations. While the solution obtained gives an excellent match with the original ANSYS results, the assumptions used in deriving the solution set limits on its range of validity and accuracy (like any other closed-form solution). However, the limits on pitch to air-gap ratio, pitch to hole radius ratio, hole length to hole diameter ratio and the frequency of operation obtained from the simplifying assumptions here are still large enough to cover a wide range of MEMS devices [16, [23] [24] [25] [27] [28] [29] , and provide a sufficiently large design space for new designs or applications. Table 1 compares a variety of perforation parameters that have been explored in some of the past papers with those investigated in this paper.
Modified Reynolds equation
The Reynolds equation from lubrication theory [4, 5] is extensively used to study the squeeze-film effects in MEMS structures. It is derived from the Navier Stokes equation under the assumptions of negligible inertia effects and 2D flow conditions. The air gaps in the surface micromachined MEMS devices are extremely small, ranging from a fraction of a micron to a few microns (0.3-6 µm). For these values of the gaps, the Knudsen number, which is the ratio of the mean free path to the gap height, varies between 0.01 and 0.1. For such high Knudsen numbers, the continuum flow theory is not valid and gas rarefaction effects must be taken into consideration. For very small gaps, the gas rarefaction effects are accounted for by using the modified Reynolds equation [18] [4] . This assumption holds for devices with smaller air gap and moderate frequencies of oscillations. However, for small air gaps and sufficiently high frequencies the escape of the gas is effectively blocked by its own viscosity. Thus, it is clear that the fluid motion ceases at high frequencies making compressibility predominant and capping the inertial effect. In the present analysis, we do not consider inertial effects. However, we note that in the case of devices having larger gaps and higher oscillation frequencies (Re > 1), inertial effects should be considered.
For perforated structures, it is a daunting task to solve the Reynolds equation for the whole fluid domain analytically. Therefore, experimental or numerical techniques have been used for estimating the stiffness and damping. Veijola et al [19] investigated the behaviour of an accelerometer in which they estimated the fluid film stiffness by curve fitting the experimental data. Yang and Senturia [20] and Yang et al [21] used finite element models whereas Veijola et al [22] developed finite difference models to treat flow analysis in perforated structures. It is relevant to mention here that if the size of the holes is small in comparison to the thickness of the perforated back plate then the trivial pressure boundary conditions (the atmospheric pressure) cannot be applied at the holes. It then becomes imperative to consider the flow through the holes and suitably modify equation (1) as done by Veijola et al [23] , Bao et al [24] and Schrag et al [25] . In the incompressible case, Homentcovschi et al [26] have evaluated the pressure on the edge of the hole by modelling the flow in the hole as a Poiseuille flow in a pipe driven by the pressure gradient. Here, we assume that the perforation size is large compared to the back plate thickness, as in the devices reported by Hsu et al [16] and Scheeper et al [27] .
We first present the numerical solution of the Reynolds equation. In the next section, we discuss in brief the finite element procedure for solving the equation for perforated structures with two different hole configurations, using ANSYS.
Numerical simulation
A typical diaphragm and a perforated back plate system is modelled having dimensions of a MEMS microphone designed by Hsu et al [16] . The perforated back plate has square geometry with a side length of 2580 µm and a thickness of 13 µm. It is modelled with two distinctly different hole configurations, namely, staggered and non-staggered. An equivalent circular hole radius of 33.85 µm is used in place of square holes of side length 60 µm. The number of holes in each of the configurations is 441, spaced at a pitch of 120 µm. Numerical simulations are performed using ANSYS for both the configurations. The squeeze-film effects due to the fluid film (in the plane x-y) of the plate is modelled using fournoded FLUID-136 elements. The finite resistance due to the fluid flow through the holes (perpendicular to the plate in the z-direction) is modelled using two-noded FLUID-138 elements for each hole. One end of the FLUID-138 element is connected to all the nodes of FLUID-136 lying on the circumference of the hole and the pressure is set to zero on the free node at the other end of the hole. Initially, a quarter model is developed with zero fluid flow across the plate boundaries. The high Knudsen number option (Kn > 0.01) is turned on when the analysis is performed for gaps less than 6.3 µm. An arbitrary typical value of velocity is uniformly applied to the fluid surface in the transverse direction and the complex pressure response is obtained by performing the harmonic analysis. Subsequently, the complex force is computed on an element basis. The damping and the stiffness coefficients are then extracted from the real and the imaginary components of the complex force summed over all the elements.
The pressure contours plotted over the fluid domain for both the configurations are shown in figure 1. It is observed that in both configurations of the holes there is order and symmetry in the pressure contours. This inherent symmetry leads to the formation of repetitive pressure patterns around each hole in the entire fluid domain. When the diaphragm oscillates in a direction transverse to the perforated plate, pressure gradients and flows are set up around each hole in a symmetric manner with air streaming radially into the holes. In the staggered hole case, a hexagonal pattern repeats, whereas in the non-staggered case a square pattern repeats. It may be seen that as we move away from the hole, the pressure rises in every direction and reaches a maximum. The region formed by the contour line which connects these maxima is taken as a typical pattern. These patterns repeat themselves in the entire fluid field. Thus, at the edge of this pattern, the pressure gradient and the flow velocity across the edge are zero. This implies that the fluid within a pattern remains confined to that pattern and does not get exchanged with the neighbours. In this sense, each pattern is autonomous and the squeeze-film effects of a single pattern merely repeat themselves. This fact can easily be verified by modelling only the hexagonal and the square patterns in ANSYS with zero flow velocity at the edges of the pattern. The pressure contours of the hexagonal and square patterns obtained under the same design specifications are shown in figure 2 . The overall stiffness and damping coefficients for the entire fluid domain are equal to the stiffness and the damping coefficients obtained per pattern times the number of patterns. Moreover, the single pattern approach saves a considerable amount of simulation time. The examination of these patterns leads to the possibility of obtaining a closed-form solution for the pressure distribution around a hole in a single pattern and then finding the expressions for stiffness and damping. It will suffice to obtain the pressure distribution for a single pattern and evaluate the stiffness and the damping effects associated with it. The net stiffness and damping of the total fluid film can be obtained by the sum of the contributions of the individual patterns.
The exact pressure distribution within a pattern still looks complicated and an analytical solution seems difficult. However, on a close observation of these patterns it seems reasonable to assume circular pressure contours (or pressure cells) around each hole. At the boundary of such a cell, there are slow undulations of pressure in the circumferential direction (θ-direction) but at every point on the circumference the radial gradient is zero, thus making the cell autonomous. This assumption, though strictly not valid at the interacting boundaries of the adjacent cells, reduces the Reynolds equation to a 1D form. Each of these patterns can be approximated to one or more circular pressure cells for which the Reynolds equation with circular symmetry can be solved in cylindrical coordinates. This is obvious in the staggered hole configuration ( figure 1(a) ). Even for the non-staggered configuration of holes we can obtain equivalent circular cells which we discuss later in section 4. Here, we emphasize that it is this circular symmetry of pressure that we exploit to derive analytical solution for the pressure distribution. We now solve the Reynolds equation in cylindrical coordinates to obtain the pressure distribution around a hole.
Analytical solution
We rewrite equation (1) 
For circular symmetry ∂p ∂θ = 0, hence the second term on the left-hand side of the above equation vanishes. Also, for isothermal flow we use the condition p ∝ ρ. We then linearize this equation using the perturbation parameters p (in pressure) and h (in gap), which were first introduced by Griffin. Further, we non-dimensionalize it using the parameters = p Pa , = h ha , τ = ωt and R = r/r o . Here, P a is the ambient pressure, h a is the equilibrium gap thickness, ω is the circular frequency and r o is the outer radius of a pressure cell. Equation (2) now reduces to the form ∂
where σ = 
The above equation is in the form of the Bessel's equation for the imaginary argument of 0th order and has a standard solution of the form [30] ,
where I 0 is the modified Bessel function of 0th order, K 0 is the Macdonald's function of 0th order and A, B are the complex coefficients and are obtained using the boundary conditions. The normalized complex pressure distribution for a fluid flow governed by equation (3) for a circular domain is then given by = 0 and p| r=ri = 0, where r o and r i are the outer and inner radii of a circular pressure cell, respectively. The zero radial gradient boundary condition arises from the assumption of autonomous cells and the zero pressure boundary condition at the hole is reasonable for not too deep holes. This assumption, however, can be relaxed and a solution can be obtained in terms of an arbitrary pressure at the hole. However, one will then need a different strategy to estimate the pressure at the holes.
Substituting the coefficients A and B into equation (6) we get the complex pressure distribution for a pressure cell as
The normalized complex force offered by the pressure cell is obtained by
Using the properties of the Bessel functions for evaluating the above integration, we get the complex force for a pressure cell as
Substituting the limits of integration and the value of the above equation reduces to the final form
The force F can be written as (F r + jF i ), where F r and F i are real and the actual force offered by the pressure cell is given by the real part of equation (10), i.e., F r cos(τ ) − F i sin(τ ). The real part, F r , is in phase with the displacement and the imaginary part, F i , is in phase with the velocity of the vibrating structure. Hence, we have the stiffness and damping offered by the pressure cell as
Thus, K and C are functions of r o , the pressure cell outer radius whose value is not yet determined. Since a complicated pressure pattern is being visualized in terms of circular pressure cells (leading to a solution in cylindrical coordinates), an appropriate value for the pressure cell radius needs to be worked out using suitable criteria. Once the r o value is obtained, the stiffness K and the damping coefficient C for the squeeze film can be directly calculated from equations (11). This pressure cell, an imaginary circle of radius r o , provides an equivalence to the bigger pressure pattern by satisfying certain conditions (such as boundary conditions and mass conservation of the contained fluid). So, we now proceed to find r o of the pressure cell for the two cases under consideration.
Approximation of pressure patterns to circular pressure cells
Identification of pressure patterns
In figure 3 , the section and plan view of a typical diaphragm and back plate system in both the configurations are shown with details. To simplify the analysis, we can assume that for small deflection the movement of the diaphragm in the vicinity of a hole is parallel to the hole axis. Also, the air within a pressure cell moves in and out of the hole. For a large number of uniformly located holes, a certain r o can be found as a function of the pitch of the holes, by simple geometric analysis. The method for finding r o for the two different hole configurations is discussed below.
Staggered hole configuration
In the staggered configuration, a hexagonal pattern A-B-C-D-E-F as shown in figure 3(a) is identified. The hexagonal pattern has one circular pressure cell at its centre and a 120 
Non-staggered (matrix) hole configuration
In the non-staggered configuration, a square pattern L-M-N-O as shown in figure 3 (c) can be identified. Unlike the staggered configuration, in this case the holes in the adjacent rows and columns are closer compared to the holes in the diagonal direction. This leads to two types of symmetries around a hole, one in the lateral direction and the other in the diagonal direction. Therefore, the square pattern is further subdivided into eight sectors, four in the lateral direction and four in the diagonal direction. This gives rise to the formation of two types of pressure cells. One is formed by combining the lateral sectors s 1 -s 2 -s 3 -s 4 and the other is formed by combining the diagonal sectors S 1 -S 2 -S 3 -S 4 . However, there is some diffusion of fluid at the interface of the two types of sectors. This diffusion will have to be estimated to arrive at the accurate values of the radii of the two semicircular cells. An approximate method for calculating this 'lateral diffusion factor' (β) is discussed in the appendix. Using this value of β the radii values are estimated to be 0.5292ξ o and 0.5971ξ o for the lateral and the diagonal cells, respectively. The stiffness and damping effects offered by the two semicircular pressure cells are obtained using these radii values. The net stiffness and damping offered by a single repetitive pressure pattern is accounted for by summing the two and is given by The total stiffness and damping coefficients of the squeeze film are obtained by accounting for all the patterns. In the next section, we present results for the squeeze-film stiffness and damping calculations using the steps described above. The results are presented for different pitch values of the holes and air gap thickness. The results are followed by a brief discussion.
Results and discussion
The derivation assumes Reynolds number to be small (i.e., Re 1) and neglects inertial effects. This sets a limit on the maximum frequency and the corresponding squeeze number up to which the results would be accurate for a particular configuration of perforations. Table 2 illustrates the regime of validity of the derived formulae in terms of these parameters evaluated at Reynolds number Re = 0.1. For submicron gaps, the results are valid for frequencies up to a few hundred kHz. But with the increase in the air gap height, the upper frequency limit decreases rapidly as Re ∝ h the holes. This is due to the fact that the compressibility effects increase with the square of the pitch of the holes σ ∝ ξ to air-gap ratio selected, the frequency of oscillation is varied up to Re = 0.1.
Numerical results from ANSYS calculations are also plotted in the same figure for comparison. This is done for both configurations. A deviation of about 2-4% is observed in the case of the non-staggered holes configuration, which is due to the greater extent of approximation made in obtaining the radius of the equivalent circular pressure cell for this configuration of the holes. Here, we keep the losses through the holes at a minimum by keeping the length to diameter ratio (l/d) of the holes to the minimal in ANSYS modelling. In the analytical model, we do not consider the losses through the holes. To study this effect, we increase the length to diameter ratio (l/d) of the holes in the ANSYS model and make a comparison with the analytical solution. Figure 6 shows the non-dimensional damping and spring forces obtained using the analytical solutions and numerical solutions from ANSYS for different values of length to diameter ratio of the holes. We note that the agreement is excellent for (l/d = 1) in the ANSYS model. As the length of the holes increases, the ANSYS results deviate from the analytical results. For l/d = 10, the maximum deviation in the damping and the spring force is 2 and 5% respectively; meaning that beyond this limit the losses through the holes also need to be taken into account in the analytical solutions. Despite the fact that losses are not considered in the analytical formulae, the results are within tolerable error for reasonable values of l/d ratio up to 10. It is observed that with an increase in the length of the holes the flow resistance increases leading to higher entrapment of air. Therefore, the spring force increases more with the frequency and the damping force increases till the cut-off frequency is reached and decreases thereafter.
We now compare the analytical and the numerical results for different values of pitch to hole radius (ξ o /r i ) ratio in figure 7. These simulations are performed for 0.5 µm air gap and 40 µm pitch. Starting with a hole radius of 10 µm (=20h a ), we decrease it to 5, 2.5 and 1.25 µm in steps. For a value of ξ o /r i = 32, a maximum deviation of up to 4% in the damping force and 3% in the spring force is obtained. This deviation is due to the assumption of zero pressure at the hole edge in the analytical model which does not hold for higher values of ξ o /r i (i.e., large pitch and small holes). We confirmed this by checking the values of pressure on the edge of the holes in the ANSYS simulations. The pressure on the edge of the holes builds up quickly as the radius approaches a size comparable to that of the air gap. Thus, the analytical solutions should not be used beyond ξ o /r i = 32 without proper corrections to account for the losses through the holes. We also noticed that when the hole radius is kept large ( 10h a ) and the pitch is increased, the analytical and numerical results match well even beyond ξ o /r i = 80. This is because with large hole radius, the zero pressure boundary condition remains more or less valid despite a high value of ξ o /r i . Finally, in figure 8 , we plot the damping force obtained using Škvor's formula and the total back force and its two components, namely, the damping force and the spring force obtained using the analytical formulae. We see that for σ < 2.5, the damping force obtained using Škvor's formula agrees well with the analytical results. For σ > 2.5, the incompressibility assumption made by Škvor is no longer valid and hence his formula overestimates the damping force. In this range, the effect of compressibility is significant and the damping force increases slowly, reaches a maximum and then decreases steadily. On the other hand, the spring force increases rapidly and reaches a higher steady value. Thus, at frequencies beyond the cut-off frequency the compressibility effects become very significant.
Conclusions
The periodic nature of the perforations in back plates of MEMS devices results in repetitive patterns of the pressure distribution within the squeeze film around each hole. These patterns are autonomous, i.e., they do not exchange fluid with their neighbours. Within these patterns, pressure cells of circular geometry can be identified under certain simplifying assumptions. The circular geometry of these cells leads to a 1D Reynolds equation. Solving for the pressure over these cells and summing up over all the cells within a pattern results in the damping and spring force estimates due to a single pattern. The total effect of all the patterns gives the damping and spring forces due to the entire squeeze film. The analytical results obtained match very well with numerical computations carried out using FEM analysis in ANSYS. Deviations between the analytical and ANSYS results are observed at low values of pitch to air-gap ratio (ξ o /h a ), and also for large pitch to hole radius ratio (ξ o /r i ) when the radius of holes (r i ) approaches the air-gap thickness (h a ). Significant deviations are also observed for large values of length to diameter ratio of the holes. In this case, the analytical results can be augmented by accounting for losses through the holes. The analytical formulae presented here using the compressibility assumption predict the damping and spring forces reasonably accurately from the incompressible regime (low σ ) to the compressible regime (high σ ) as a continuous function. The closedform expressions presented here can be used directly for designing MEMS devices or in modelling MEMS devices with equivalent circuits, thus avoiding the need for intensive numerical computations. For devices with higher values of air gap and operating frequencies, the Reynolds number would be higher (Re > 1) and it will be necessary to consider inertial effects as well.
Appendix. Calculation of the 'lateral diffusion factor' β for non-staggered hole configuration
In figure 3(d) , we note that the diagonal sectors have an extra triangular region merged with them. The triangular regions at the four corners are farthest from the holes and the air in these regions gets squeezed more resulting in pressure build up. Most of the fluid in these extra triangular areas streams into the diagonal sector (S). However, some of it diffuses into the adjacent lateral sectors (s) due to the pressure differential across the common boundaries of (S) and (s). This reduces the pressure in the diagonal sectors and correspondingly increases the pressure in the lateral sectors. We need to estimate the extent of this diffusion. Here, we define a term β, the 'lateral diffusion factor', as the fraction of fluid from the extra triangular region of diagonal sector that diffuses into the adjacent lateral sectors. The fluid corresponding to the (1 − β) fraction will remain with the diagonal sector itself. These fractions are proportional to the relative pressure gradients in the tangential and the radial directions, respectively, at the interface of the two sectors. We now proceed to calculate these pressure gradients. Initially, the sum of the areas of the lateral and diagonal sectors are separately equated to semi-circles from which the two outer radii r o for the two pressure cells are calculated (as shown in figure 3(d) ). The pressure distribution is then obtained by using the derived formulae for each pressure cell separately. The radial pressure distribution for the two pressure cells is plotted in figure 9 with thin lines. The diagonal and the lateral sectors share a common boundary but the analysis does not account for the diffusion of fluid across their common boundary. This results in an overestimation of pressure in the diagonal sector and an underestimation of pressure in the lateral sector.
The radial pressure gradient of the diagonal sector p r is calculated numerically along the radius from figure 9 and the tangential gradients of the diagonal sector are calculated as p r θ across the interface of the two sectors. Both these gradients are averaged over a number of radial points. The ratio of the radial gradient to the tangential gradient is found and equated to the ratio (1−β) β . Thus, we get an approximate value of β = 0.15. The extra triangular area at the end of the diagonal sector is thus proportionally distributed between the two sectors, i.e., 85% is retained in the diagonal sector and 15% of the area is added to the lateral sector. The corrected pressure distributions in the diagonal and the lateral sectors, after accounting for this diffusion, are shown in figure 9 with thick lines. The modified radius of the pressure cell composed of the lateral sectors is thus evaluated as where ξ o is the pitch of the holes.
